By means of a fixed point theorem of coincidence degree theory, sufficient conditions for the multiplicity of positive almost periodic solutions to a delayed harvesting predator-prey model with modified Leslie-Gower Hollingtype II schemes are established. The method used in this paper provides a possible method to study the multiplicity of positive almost periodic solutions of the models in biological populations. Finally, an example and computer simulations are given to illustrate the feasibility and effectiveness of our main results.
INTRODUCTION
In 2003, Aziz-Alaoui et al 1 proposed a kind of two-dimensional system of autonomous differential equation modelling a predator-prey system [2] [3] [4] which incorporates a modified version of Leslie-Gower functional response as well as that of the Holling-type II. They considered the model
where x(t) and y(t) represent the population densities at time t, r 1 is the growth rate of prey x, b measures the strength of competition among individuals of species x, a 1 is the maximum value of the per capita reduction rate of x due to y, k 1 and k 2 measure the extent to which the environment provides protection to prey x and predator y, respectively, r 2 describes the growth rate of y, and a 2 has a similar meaning to a 1 . In many earlier studies, it has been shown that harvesting has a strong impact on dynamic evolution of a population 5, 6 . So the study of the population dynamics with harvesting is becoming a very important subject in mathematical bio-economics. The non-autonomous harvesting predator-prey model with modified Leslie-Gower Holling-type II schemes and delays generally is described aṡ
where h 1 and h 2 represent harvesting terms. In recent years, there are some scholars concerning with the existence of positive periodic solutions of the predator-prey model with modified Leslie-Gower Holling-type II schemes (PPLGH-II). Song and Li 7 studied the existence of positive periodic solutions of PPLGH-II by using Floquet theory of linear periodic impulsive equation. Further, by utilizing Mawhin's continuation theorem of coincidence degree theory, Zhu and Wang 8 also obtained some sufficient conditions for the existence of positive periodic solutions of PPLGH-II. However, in real world phenomenon, if the various constituent components of the temporally nonuniform environment is with incommensurable (nonintegral multiples, see Example 1) periods, then one has to consider the environment to be almost periodic since there is no a priori reason to expect the existence of periodic solutions. Hence, if we consider the effects of the environmental factors, almost periodicity is more realistic and more general than periodicity. In recent years, the almost periodic solutions of the continuous models in biological populations 9, 10 and engineering areas 11 have been studied extensively.
Example 1 Consider the following simple PPLGH-II with harvesting terms:
In system (2), corresponding to system (1), a 1 (t) = 0.1|sin( 2t)| is 1 2 2π-periodic function and a 2 (t) = 0.5 + |sin( 3t)| is 1 3 3π-periodic function, which imply that system (2) is with incommensurable periods. Then there is no a priori reason to expect the existence of positive periodic solutions of system (2) . Thus it is significant to study the existence of positive almost periodic solutions of system (2) .
By means of Mawhin's continuation theorem of coincidence degree theory, many scholars are concerning with the existence of multiple positive periodic solutions for some kinds of nonlinear ecosystems [12] [13] [14] . However, owing to the complexity of the almost periodic oscillation, it is difficult to investigate the existence of multiple positive almost periodic solutions of nonlinear ecosystems by using Mawhin's continuation theorem. Hence to the best of the authors' knowledge, so far, there is no result concerning with the multiplicity of positive almost periodic solutions of system (1) . Motivated by the above reason, the main purpose of this paper is to establish sufficient conditions for the existence of multiple positive almost periodic solutions to system (1) by applying Mawhin's continuation theorem of coincidence degree theory.
Let , and + denote the sets of real numbers, integers and positive integers, respectively, C( , ) and C 1 ( , ) be the space of continuous functions and continuously differential functions which map into , respectively. In particular, C( ) := C( , ), C 1 ( ) := C 1 ( , ). Related to a continuous bounded function f , we use the following notation:
Throughout this paper, we always make the following assumption for system (1):
is called almost periodic, if for any ε > 0, it is possible to find a real number l = l(ε) > 0, for any interval with length l(ε), there exists a number τ = τ(ε) in this interval such that
where · is an arbitrary norm of n . τ is called the ε-almost period of x, T (x, ε) denotes the set of ε-almost periods for x and l(ε) is called the length of the inclusion interval for T (x, ε). The collection of those functions is denoted by AP( , n ). Let AP( ) := AP( , ). Assume that x ∈ AP( )∩C 1 ( ) withẋ ∈ C( ), ∀ε > 0, we have the following conclusions:
In the following, we recall the famous Mawhin's coincidence degree theorem. Let and be real Banach spaces, L : Dom(L) ⊆ → be a linear mapping and N : → be a continuous mapping. The mapping L is called a Fredholm mapping of index zero if the following conditions hold:
If L is a Fredholm mapping of index zero and there exist continuous projectors P : → and Q : → such that Im(P) = Ker(L), Ker(Q) = Im(L) = Im(I − Q). It follows that L | Dom(L)∩Ker(P) : (I −P) → Im(L) is invertible, and its inverse is denoted by K P .
If Ω is an open bounded subset of , the mapping N will be called L-compact onΩ if the following conditions are satisfied:
Since Im(Q) is isomorphic to Ker(L), there exists an isomorphism J : Im(Q) → Ker(L).
Lemma 4 (Ref. 18)
Let Ω ⊆ be an open bounded set, L be a Fredholm mapping of index zero, and N be L-compact onΩ. If all the following conditions hold:
Under the invariant transformation (x, y) T = (e u , e v ) T , system (1) reduces tȯ
For x ∈ AP( ), we denote bȳ 
Then N is L-compact onΩ, an open and bounded subset of .
MAIN RESULTS
Let
Then system (1) admits at least four positive almost periodic solutions.
Proof : It is easy to see that if system (3) has one almost periodic solution (u, v) T , then (x, y) T = (e u , e v ) T is a positive almost periodic solution of system (1) . Hence to complete the proof, it suffices to show that system (3) has four almost periodic solutions.
To use Lemma 4, we set the Banach spaces and as those in Lemma 5, and L, N , P, Q the same as those defined in Lemma 6 and Lemma 7, respectively. It remains to search for an appropriate open and bounded subset Ω ⊆ .
Corresponding to the operator equation Lz = λz, λ ∈ (0, 1), we havė
Suppose that z = (u, v T ) ∈ Dom(L) ⊆ is a solution of system (4) for some λ ∈ (0, 1), where Dom(
www.scienceasia.org By Lemma 3, for all ε ∈ (0, 1), there are four points ξ = ξ(ε), ζ = ζ(ε), η = η(ε), and ς = ς(ε) ∈ [0, +∞) such that
where u * = sup s∈ u(s), v * = sup s∈ v(s), u * = inf s∈ u(s), and v * = inf s∈ v(s). Further, in view of (H 2 ), we may assume that the above ε is small enough so that
From system (4), it follows from (5) and (6) that
and
In view of the first equation of system (8), we have from (6) that
That is,
Letting ε → 0 in (9) leads to
where
By the first equation of system (7), we have
which implies that
Since
From (11) and (12), it follows that
which yields from (5) that
Letting ε → 0 in the above inequality leads to
In view of the second equation of system (8), we have from (6) that
where c = (a − 2 )/(e ρ 1 + k 2 ). Letting ε → 0 in (14) leads to
Further, by the second equation of system (7), we have
From (16) and (17), it follows that
which yields from (5) that v * ρ 2 + ε.
Letting ε → 0 in the above inequality leads to v * ρ 2 .
On the other hand, we obtain from the first equation of system (7) that
Corollary 1 Assume that (H 1 ) and (H 2 ) hold. Suppose further that r i , b, a i , τ, δ, σ, and h i of system (1) are continuous nonnegative periodic functions with periods α i , β, ρ i , υ, η, ξ, and θ i , respectively, then system (1) has at least four positive almost periodic solutions, i = 1, 2.
In Corollary 1, let α i = β = ρ i = υ = η = ξ = θ i = ω, i = 1, 2. Then we obtain the following.
Corollary 2 Assume that (H 1 ) and (H 2 ) hold. Suppose further that r i , b, a i , τ, δ, σ, and h i of system (1) are continuous nonnegative ω-periodic functions, then system (1) has at least four positive ω-periodic solutions, i = 1, 2.
Remark 1 By Corollary 1, it is easy to obtain the existence of at least four positive almost periodic solutions of system (2) in Example 1, although the positive periodic solution of system (2) is nonexistent.
AN EXAMPLE WITH COMPUTER SIMULATIONS
Example 2 Consider the following harvesting predator-prey model with modified Leslie-Gower Holling-type II schemes:
Then system (23) has at least four positive almost periodic solutions.
Proof : Corresponding to system (1), we have r 1 = r 2 ≡ 1, b(s) = 1 + cos 2 ( 2s), a 1 (s) = 0.1|sin( 3s)|, a 2 (s) = 0.5 + |cos( 3s)|, k 1 = 4, k 2 = 1, ∀s ∈ . By an easy calculation, we obtain that
So (H 2 ) in Theorem 1 holds. By Theorem 1, system (23) admits at least four positive almost periodic solutions (x i , y i ), see Fig. 1 and Fig. 2 .
CONCLUSIONS
By using a fixed point theorem of coincidence degree theory, some criteria for the multiplicity of positive almost periodic solutions to a kind of delayed harvesting predator-prey model with modified Leslie-Gower Holling-type II schemes are obtained. Theorem 1 gives the sufficient conditions for the multiplicity of positive almost periodic solutions of system (1) . The method used in this paper provides a possible method to study the multiplicity of positive almost periodic solutions of the models in biological populations. 13. Wei FY (2011) Existence of multiple positive periodic solutions to a periodic predator-prey system with harvesting terms and Holling III type functional response. 
